Chapter 12
Norms for Theories of Reflexive Truth

Volker Halbach and Leon Horsten

Abstract In the past two decades we have witnessed a shift to axiomatic theories
of truth. But in this tradition there has been a proliferation of truth theories. In this
article we carry out a meta-theoretical reflection on the conditions that we should
want axiomatic truth theories to satisfy.

12.1 Introduction

In the past two decades we have witnessed a shift from semantic—such as Kripke’s or
the revision theory—to axiomatic theories of truth. But in this line of research there
has been a proliferation of truth theories. How should we adjudicate between them? !

We list some desiderata or norms for axiomatic theories of truth and explain how
they can be used to discriminate between theories. To some extent these norms will
also be useful for explaining what is driving the work on axiomatic theories of truth,
as in many cases authors—including the authors of this article—have not been very
explicit about their motivations, but rather concentrated on analysing the formal prop-
erties of the theories. So to a limited extent the norms we are going to list should be
understood to be not only normative but also descriptive in the sense that they are in-
tended to make explicit the norms that have be applied by various authors in the field.
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OF course the formal analysis of a theory will be helpful in assessing whether a
theory satisfies the desiderata and the formal analysis cannot be separated from a
philosophical judgement. We don’t see the reflections on the norms as a stage that
should precede formal work on the systems. Formal results have helped logicians to
choose and formulate the norms, and the norms have motivated the formal work on
theories. So we do not think of the norms as a prima philosophia that is conceptually
prior to the logical analysis.

Some efforts have been made to carry out exercises similar to that of the present
article: these include Sheard 1994 and Leitgeb 2007. But, for reasons that we hope
to make clear, these efforts have remained less than fully satisfactory.

Let us start by listing some aspects of axiomatic truth theories that we require
all axiomatic truth theories to accept wholesale. They will be treated as background
assumptions in the sequel. This is done mainly to focus the discussion. We do not
claim that they are unproblematic and cannot be challenged.

The aim is to explicate the meaning of the truth predicate without presupposing
the distinction between object- and metalanguage. We will investigate systems in
which the truth predicate is contained in the object language. So we mainly aim
to unfold the notion of type-free or reflexive truth. The distinction between typed
and type-free notions of truth is not unproblematic.2 But all the theories that we are
considering here prove the truth of sentences containing the truth predicate and are
thus type-free in this sense.

We will treat the notion of truth as a primitive predicate 7" and reflect on how truth
can and should be axiomatised. The treatment of truth as a primitive predicate in
itself does not rule out the possibility that truth is a definable concept. Whether truth
is definable or reducible by other means depends on the chosen axioms. However,
only very weak theories will escape Tarski’s theorem on the undefinability of truth.
Hence the undefinability of truth in the case of all interesting truth theories will be a
result that is arrived at, not a presupposition. So in contrast to semantic approaches
and “substantial” theories, where the definability of truth has to be assumed from the
outset, the axiomatic approach is neutral with respect to the question whether truth
is definable or not.

It is commonly acknowledged that the axioms of truth should be studied in con-
junction with axioms for the objects to which truth is ascribed. These may be sentence
types or tokens, propositions, or still other objects. Many authors working on the ax-
iomatic approach to truth think of truth as a predicate applying to (codes of) sentence
types and we will follow them here without justifying this assumption.

The languages and theories we are interested in are formulated in first-order
predicate logic. We hope that many of the results shed light on the use of the truth
predicate in philosophical discussions, but we do not claim that our setting is the best
starting point for an analysis of truth in natural language. :

2 For more on the distinction between typed and type-free theories of truth, (see Halbach 2015
Sect. 10).




12 Norms for Theories of Reflexive Truth 265

The language in which the axiomatic theories are formulated will be taken to be
L7, which is the language Lp, of first-order arithmetic expanded with the primitive
truth predicate 7. For again familiar reasons, we need in our axiomatic systems to
be able to reason about finite sequences of symbols, or, equivalently, about finite
sequences of numbers (conceived of as codes of symbols). We insist that all the
axiomatic truth theories that we consider can prove all theorems of P A restricted to
Lpa. Sowe shall call PA (restricted to Lp,) the base theory, and we shall call Lp4
the ground language.’

Many of our comments will apply to many other base theories mutatis mutandis.
Using theories weaker than PA will complicate the considerations in many cases.
For instance, if a theory such as IX; employed, then it is far from being clear
how the induction principle should be generalised to the expanded language with
the truth predicate. We prefer to steer clear of these delicate issues in the present
paper. Generally it is easier to apply our considerations to theories with unrestricted
schemata like Zermelo—Fraenkel set theory. But also in this case some delicate issues
arise, as is shown by Fujimoto 2012.

12.2 Imprecise and Contestable

We aim to formulate informative criteria that apply directly to axiomatic systems.
Nonetheless, all our criteria are imprecise and fuzzy.

Fulfillment of our criteria is not going to be an all-or-nothing affair.* The criteria
will be such that they can be satisfied to a lesser or to a greater extent. It should not
be assumed that the degree of satisfying individual desiderata can be quantitatively
measured: perhaps a partial ordering relation for truth theories is the best we can get.

Given that we are plagued by the semantic paradoxes, it will come as no surprise
that the desiderata on our list will'not be independent: they cannot all jointly be
satisfied, as we will see. But given that fulfillment of the criteria will be a matter of
degree, we may hope to be able to satisfy all desiderata to a reasonable degree. While
the criteria are not independent, we do want a significant amount of independence
between them.

Even if meaningful quantitative degrees could be obtained, evaluating the ade-
quacy of an axiomatic theory of reflexive truth will not be a simple matter of adding
degrees. We should not even assume that there is one “formula” that assigns the
correct weight to each of the desiderata that we will propose.

We will not go as far as stating one single norm for truth theories. Some researchers
believe that any list of norms for axiomatic truth theories should derive from a single
~ burpose of truth, such as expressing generality, or from a single property such as
- “transparency”. But we cannot see how the desiderata actually guiding the search for

—

* For a discussion of the ground language and the base theory see Halbach 2011 and Horsten 201 1.

. Tlhis is also the case for most of Sheard’s criteria, which we will discuss later. See Sheard 2002,
p. 173,
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attractive theories of truth can be derived from such a single purpose or property.® At
least some non-triviality condition is driving the quest for theories of truth as well.
In fact we think the usability of truth as a device of generalisation is derived from
more basic properties such as semantic ascent and perhaps also from compositional-
ity. We do not deny that truth is a tool serving a specific purpose, but we do not think
that whatever fits the purpose should be called truth. Rather we start with a predicate
satisfying our or similar desiderata and then observe what purposes it can serve.

12.3 Five Desiderata

We shall now propose and discuss a seties of desiderata for axiomatic theories of
truth. We list them in no particular order of priority.

When authors appraise and advocate their theories of truth, they usually employ
criteria of highly diverse kinds. Presumably the desiderata of the simplest kind are
those that require the theory to prove certain theorems. For instance, the theory may
be required to prove all T-sentences for all sentences from a certain class or the claim
that truth commutes with conjunction.

Another kind of desideratum is formulated in more metatheoretic terms. For
instance, the theory may be required to be w-consistent (see Leitgeb 2007) or “sym-
metric” concerning its inner and outer logic, where the outer logic of a theory S is
the set of S-provable sentences and the inner logic is the set of sentences ¢ with
S TT¢7 (see Halbach 1994; Leitgeb 2007).

Some desiderata formulated in metatheoretic terms are problematic for our pur-
poses, because we aim to assess the strengths and weaknesses of a truth theory
from the perspective of the base theory of that theory. This is especially important
when we use our overall theory—this may be our most general theory containing }
set theory—, because then no standpoint external to this most comprehensive theory
will be available to us.

This problem is not specific to truth theories but to overarching frameworks in
general. For instance, postulating that our set theory, when used as a general founda- 1
tions for mathematics, is consistent, cannot be used as a desideratum for the theories
themselves: none of the theories can prove the existence of such a model (unless it
is inconsistent). This does not imply that the desideratum cannot be used as a guide
for extensions of the theory, but we will never be able to see from the standpoint
of our best theory that it has a nice and well behaved model. What we can do.in
certain cases, is to prove in the base theory that if the base theory is consistent, then
extending it with certain truth axioms will still yield a consistent theory.

However, in many cases the metatheoretic desiderata are provable in the axiomatic
truth theory itself. For instance, the claim that the inner and outer logic coincide h

N
5 In fact, we suspect that it has not been clarified what it means to “express genemlltgat'lons ;{Wﬁ
are not really satisfied by Halbach’s proposal (1999), for instance. Also transparency in itself d
not seem to be the full story.
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been advocated as a norm, and in most cases this claim that T7¢ ™ is provable if and
only if ¢ is provable is itself provable in the truth theory, or, in fact, already in weak
arithmetical theories.

For truth theories even the postulate that there should be well behaved models
can be reformulated and internalized to some extent in the object theory: We might
expect that adding the truth axioms to a weaker base theory yields a theory with well
behaved models. For instance, we might aim at a truth theory based on Zermelo—
Fraenkel and consider whether adding the truth axioms to small fragments of ZF or
Peano arithmetic results is a theory for which nice models can be constructed in ZF.

12.3.1 Coherence

Coherence is a notoriously underdetermined notion. Somehow the axioms and rules
of a theory should be in harmony with each other. Coherence should not be understood
in the way it is often understood in coherence theories of knowledge as supporting or
even implying each other. We expect that the axioms and rules for truth do not clash
with the base theory and the other axioms and rules for truth. But more may be said.
If say the connective A and its interaction with the truth predicate is axiomatised in
a certain way, then this would “cohere” with an analogous treatment of a connective
like v.

If the truth theory contradicts the base theory, then the truth theory completely fails
on the coherence norm. So if the truth theory proves the negation of an arithmetical
theorem of Peano arithmetic, the theory does not cohere with the base theory. We
adopt this requirement even for theories of truth in nonclassical logics, such as
paraconsistent Jogics. Contradictions may not be lethal if the contradictions arise
fromthe liar paradox and the theory proves both the liar sentence and its contradiction,
but even the paraconsistent logicians will admit that a theory contradicting its own
base theory is hopeless, because then the contradiction will be located in the non-
semantic part of the theory that ought to be unproblematic. Perhaps exceptions may
be made for extremely rich base theories that contain already problematic notions, but
even then the addition of a truth predicate should not create any new contradictions
in the ground language.

However, coherence is more than just plain consistency with the base theory. The
axioms of a truth theory can also be incoherent in other ways.

Another example of a theory that clashes with the base theory is the Friedman—
Sheard theory F'S introduced under another name by Friedman and Sheard (1987)
and further studied by Halbach (1994). The theory is internally consistent, but it is
w-inconsistent, that is, for some formula ¢(x) the system F§ proves ¢(n) for each
number n but it also proves Ix —¢(x). This fact can be proved in F' S itself and thus F S

is inconsistent with the uniform reflection principle Vx (Bew ps("(X)™) — o(x)) for



268 V. Halbach and L. Horsten

FS.5Itisalso P A-provably inconsistent with the stronger global reflection principle
stating that all closed theorems of F'S are true. Hence the theory F S refutes its own
soundness. We take this to be a form of incoherence.

Other authors such as Leitgeb (2007) have listed the existence of a standard
interpretation as one of their norms for truth theories.

Certainly w-consistency is an important requirement, but we do not see itas a
very fundamental requirement: hardly anyone would have thought of imposing w-
consistency as a requirement before McGee (1985) proved the w-inconsistency of
a vast class of truth theories that looked otherwise very attractive. There are many
different ways a theory can be incoherent with its base theory; w-inconsistency is
just one of them and McGee’s proof showed that this form of incoherence can easily
arise for theories of truth.

There may be other forms of incoherence with the base theory. For instance, if
the induction schema cannot be extended to the Janguage with the truth predicate on
pain of inconsistency, then the theory in question is incoherent with the base theory.
We are not aware of a natural theory of truth that violates this requirement, but if it
should arise in the future, then the theory would have to be rejected as incoherent,
even though nobody had imposed this requirement (except for us). The rejection of
the theory would be justified, because of the incoherence with the base theory.

So far we have focused on the coherence of the axioms and rules for truth with
the base theory. But a theory of truth should also be coherent in its truth-theoretic
part. For instance, the truth theory may be internally inconsistent in the sense that
the theory proves T ¢ for all sentences ¢. Such a theory is not coherent and almost
as bad as an inconsistent theory in classical logic.

We do not go into the discussion of the coherence of nonclassical systems. Para-
consistent logicians may want to say that their theories are coherent in some way. At
least these theories can be non-trivial, but we are not quite sure whether this should
be counted as evidence for coherence. The formulation of criteria for coherence may
depend on the particular logic that is chosen.

12.3.2 Disquotation and Ascent

Deflationists do not tire of reminding us that truth is a disquotational device and a
device for performing semantic ascent. Hence a sentence ¢ and the claim T(r(p_‘:);
should be equivalent in some sense. Some disquotation principles will also apply to
formulae ¢ with free variables, but we will not consider them here.

A strong way of giving this slogan precise content is to desire that for a sentence
¢ of Lr, ¢ and T("¢™) can be substituted salva demonstrabilitate in any formula
of L. Field 2008 advocates this requirement under the label transparency. Others

6 See Halbach 2011 for details.
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focus on the Tarski-biconditionals, that is, equivalences of the form 7(T¢7) <> ¢.
Depending on the chosen logic, both requirements need not coincide.

The Tarski-biconditionals figure prominently in the theory of the paradoxes.
Under fairly weak assumptions both the transparency principle and the full Tarski-
biconditionals lead to inconsistency. Some philosophers, among them Tarski and
more recently Burgess and Burgess 2011, do not flinch and accept the inconsistency
view of truth. We have some sympathies with this view, but we do not pursue the
project of giving an analysis of the truth predicate as found in everyday English. We
see the quest for a good theory of truth as a revisionary enterprise, which involves
the rejection of certain features of the truth predicate that may form part of a full
analysis of the pretheoretic notion of truth.

There are many different ways to weaken the transparency principle and the Tarski-
biconditionals to obtain a nontrivial theory or truth, and there are many different
ways to classify these weakenings. We distinguish two possible ways to a non-trivial
version of disquotation requirement: Either the class of instances of the T-schema is
restricted or the connective <> is replaced with some other (weaker and nonclassical)
operator. Both methods can be combined.

On the first account, the set of instantiating sentences is restricted. Often the
guiding principle seems to be to retain as many instances of the T-schema as possible.
The qualification “as possible” has proved to be less tractable than expected. In
particular, the restriction to consistent instances does not suffice, as McGee 1992
has shown by using a variant of Curry’s paradox. So one might try to confine the set
of permissible instances to those that do not prove any new theorems in the ground
language. But Cieslifiski 2007 showed that this policy does not fare much better than
the bolder restriction to maximal consistent sets of instances.

In particular, using an argument reminiscent of Curry’s paradox, McGee 1992
showed that in the presence of the diagonal lemma every sentence of Ly is equivalent
to a Tarski-biconditional. Thus any sentence independent from the base theory can
be decided using a consistent instance of the T-schema. The reasoning is very simple:
Given a sentence ¢ one obtains a sentence y,, by the diagonal lemma:

Yo < (TTy, ' < )

This equivalence logically implies that ¢ is equivalent to 77y, < y,.

These equivalences are puzzling. If ¢ is the negation of a theorem of Peano arith-
metic or the claim that P A is inconsistent, then the Tarski-biconditional Ty, V< v,
is incoherent with the base theory and ruled out by our first norm. In contrast, if ¢ is
atheorem of PA, then T"y, " <> y, is provable at any rate without any further truth-
theoretic assumptions and thus coherent. If ¢ is a sentence such as the consistency
statement Conp 4 of PA, the situation is more involved: It will be hard to argue that
T Yeon, 4 € Yconp, 18 incoherent; after all it is equivalent to Conp4 and that sen-
tence has been argued to be implicit in the acceptance of P A. In contrast, if ¢ is the
_ Consistency statement for a strong theory such as Zermelo—Fraenkel set theory the
. Tarski-biconditional T"y, ' <> v, is at least not obviously coherent with any theory
:: of truth with P A as base theory, because the consistency of such as strong theory is,
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s0 to speak, beyond the horizon of an arithmetical theory (assuming that it actually
is consistent). So we suspect that there is no simple uniform policy concerning these
McGee—equivalences as theorems of a truth theory and they seem to come in many
degrees of implausibility, which makes any policy on restricting the disquotation
schema tricky. We leave the treatment of these sentences to a future paper where also
other restrictions on permissible instances of the T-schema will be discussed.

At any rate, there is no proposal to restrict the admissible instances of the T-
schema that is commonly accepted. Even the restriction to T-free instances may be
too liberal (Halbach 2006), although it is commonly rejected as too restrictive.

Hence the second option to render the Tarski-biconditionals nontrivial may look
more attractive: The material biconditional between T("¢ ") and ¢ in the Tarski-
biconditionals is replaced with some other operator or relation. The use of some
binary predicate to this end has not become very popular. Expressing the claim that
T ("7 and ¢ are materially equivalent in a single sentence in a straightforward way
by means of a binary predicate expressing material equivalence requires a theory of
this binary relation. But material equivalence between sentences ¢ and ¥ is usually
analysed as the truth of ¢ <> . In general it does not seem attractive to base the
theory of truth on a theory of some other relation.

More popular is the substitution of the biconditional by metatheoretic predicates,
The transparency principle is an example; but it is too strong if classical logic is to
be preserved. However, one can consistently demand that a truth theory § be closed
under the inference rules S - ¢ = S+ T("¢™) (Necessitation) and S =T ("¢ ™) =
S I ¢ (Co-necessitation). This is often paraphrased by saying that the outer logic of
S coincides with the inner logic of S.

If classical logic is given up, the possibilities are multiplied. All kinds of so-called
biconditionals may be used instead of the classical biconditional. Also metatheoretic
principles that collapse into the Tarski-biconditionals in classical logic can be em-
ployed, even when the full Tarski-biconditionals are rejected. For instance, one can
demand the truth theory S be closed under the inference rules ¢ = T("¢') and
T("¢™) = . Of course in the presence of a deduction theorem, this demand yields
the Tarski-biconditionals.

The satisfaction of the disquotation or semantic ascent criterion cannot even be .
ordered in a linear fashion. However, we do not think that the criterion can be
abandoned, not even in favour of “compositional” axioms for truth.

In many cases the Tarski-biconditionals are strengthened by admitting free vari=
ables in the instantiating formulae. How this can be done depends on the chosen
framework. In a purely arithmetic framework one can formalise the following
statement for any formula @(x):

For any number zn: ¢(#) is true iff ¢(n).

The dot above 7 indicates that the numeral of n is substituted for x in ¢(x). T.hi
can be expressed in a language with the resources of arithmetic as the substitutio.
function is formally expressible in arithmetic. B

There are versions with more than one free variable. In a more general settifig
when not just numbers are admitted into the ontology, the use of a satisfactio
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predicate may be commendable. These versions of the Tarski-biconditionals with
free variables are known as uniform or parametrized Tarski-biconditionals. We think
that they flow from the disquotational feature of truth or satisfaction.

12.3.3 Compositionality

Davidson famously defended the view that truth is a compositional notion. In the
present context with its very restricted ground language this means that the truth
predicate commutes with the logical connectives and quantifiers such as A, =, and
V. This entails that truth of logically complicated sentences ¢ is determined by the
truth value of logically “simpler” components of g.

The compositional feature of truth does not contain its disquotational feature, at
least not in an obvious way. Just demanding that truth commutes with all connectives
will not suffice as long as the truth of atomic sentences is not regulated in any way.
Usually “compositional” theories also contain the Tarski-biconditionals for T-free
atomic sentences (often in a uniform, that is, parametrized version). This is the case
foraDavidsonian conception. Once these are added, at least the Tarski-biconditionals
for all T-free instances will be derivable under fairly general conditions.

Davidson and most of his followers have applied Tarski’s solution to the paradoxes
or have not cared much about the paradoxes in general. In particular, they have not
said much about the truth of sentences that themselves contain the truth predicate and
whether compositional semantics is possible for a language containing its own truth
predicate. There are different ways of applying the compositionality requirement to
sentences containing the truth predicate.

In the best case, truth should be expected to commute with the connectives and
quantifiers independently of whether the sentences contain the truth predicate or not.
Truth theories such as the Friedman—Sheard theory FS contain axioms stating this
feature (see Halbach 2011).

However, the coherence requirement together with the disquotation desideratum
may clash with full compositionality: FS contains all compositional axioms; it thus
scores highly on compositionality. Moreover, it contains the rule version of the
T-sentences, i.e., necessitation and co-necessitation. This yields an w-inconsistency.

Therefore some truth theorists explicitly reject the full compositional axioms. In
particular, many reject the axiom stating that truth commutes with negation while still
retaining other compositional axioms. There are various motives for this restriction
of compositionality. According to the view that rejects commutation of truth with
negation, truth is fully compositional, but truth is a partial concept and does not apply
toall sentences. In particular, the liar sentence may be said to be meaningless or the
like and thus neither true nor false. Thus we should not expect the negation of the
_ liar sentence to be true if the liar sentences is not true, because the negation of the
liar sentence is as indeterminate as the liar sentence itself.

Thus in theories such as the Kripke-Feferman theory the compositional axioms

are weakened to positive compositionality capturing the compositionality of a partial
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concept. The axioms for truth then no longer describe classical compositionality but
rather the compositional principles of some nonclassical logic.

In the Kripke—Feferman theory this is combined with truth iteration axioms that
have a strongly compositional flavour. Especially in Burgess’ (2009) strengthen-
ing of Kripke-Feferman compositionality requirements seem to lead to a theory of
grounded truth where the truth of each single truth depends on the truth of nonse-
mantical sentences, that is, sentences without the truth predicate. In this sense the
groundedness requirement, which is occasionally seen as a desideratum for a truth
theory, can perhaps be seen as a consequence of a strong version of the composition-
ality desideratum. However, the axiom that Burgess adds to the Kripke-Feferman
principles can hardly be seen as expressing a form of compositionality.

Compositionality is not uncontroversial. In particular, supervaluationists argue
that for languages containing vague expressions, truth does not distribute over all the
connectives. We do not want to take a stance in this discussion. So the most we can
claim here is that the compositional axioms should presumably be provable for the
classical connectives and quantifiers as far as the vagueness-free fragments of first-
order formalisations of vagueness-free fragments of natural language are concerned.
Of course, if one goes beyond that, then there are serious worries concerning the
possibility of a compositional semantics for natural languages.

12.3.4 Sustaining Ordinary Reasoning

Feferman famously rejected the possibility of withdrawing from full classical logic
for L to partial logic as a way of avoiding the liar paradox, on the ground that “noth- :
ing like sustained ordinary reasoning” can be carried out in partial logic (Feferman
1984, p. 264). Thus a desideratum for axiomatic truth theories is that they should
sustain ordinary reasoning.

Ordinary reasoning should be taken to include schematic mathematical or syn-
tactic reasoning. So, for instance, in mathematics we are used to subjecting every .
predicate to mathematical induction. This means that axiomatic truth theories where
the truth predicate is not allowed in the induction schema, do not receive a maximal
score on this desideratum. ‘

It is important to note that this demand extends not just to reasoning concerning
sentences of the ground language but to sentences of the entire language Lr. Out
ordinary and mathematical reasoning is carried out in classical logic. Reasoning in
intuitionistic logic does not come as natural to most of us, but it can be learned
without too much difficulty. Reasoning in partial or in paraconsistent logic is
lot less natural still: it is very difficult to learn. Reasoning fluently in even mor
artificial logic, such as a logic in which certain structural rules are restricted (suc
as contraction, perhaps), might well be practically impossible.

It should also be mentioned that sustaining ordinary reasoning is not just a matte
of the underlying logic and mathematics. If the truth laws themselves form a mqtle
and scattered bunch, then even if the logical system containing it is fully classical
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it will lose points on this desideratum. Also if for instance the inner logic is not
classical, points are lost on this criterion. And this again underscores the fact that the
criteria proposed here are not fully independent.

12.3.5 A Philosophical Account

Suppose that a theory of truth T is just given as a list of truth axioms in L added to
a list of principles and rules of some logic. And suppose furthermore that 7" scores
reasonably well against the norms discussed above: let us assume that 7 scores
better against some of these desiderata than against others. Then some truth theorists
would still find 7' thoroughly unsatisfactory as it stands. These truth theorists want
in addition an explanation of why these norms are reasonable desiderata for a truth
theory in the first place, and a justification of why it is acceptable that 7 does
not satisfy each of the desiderata to the maximum extent. In sum, they request a
philosophical account that justifies the norms, explains them, and ties them together.
This request therefore is of a different nature than the other norms: it can be seen as
a meta-norm.

The situation may be compared with that in set theory. If the naive theory of com-
prehension had proved useful (and consistent), then probably it could have passed
more easily as a logical or almost logical principle that requires as little a philo-
sophical story for its justification as the rules for the connectives.” But because a
more sophisticated system such as Zermelo-Fraenkel with fairly complex axioms is
required, philosophers felt that some philosophical account—such as Boolos’ (1971
story of the cumulative hierarchy—is needed to motivate the axioms of set theory.

In the case of truth, the unrestricted Tarski-biconditionals are inconsistent under
fairly general circumstances. The untyped axiomatic theories that have been proposed
look far more sophisticated than the unrestricted Tarski-biconditionals. So one may
ask whether there is a philosophical account analogous to that told by Boolos about
set theory that can be used to motivate or perhaps even justify the truth-theoretic
axioms, and that can explain, e.g., why not all the unrestricted Tarski-biconditionals
are acceptable, '

Many authors believe that a good axiomatic theory of reflexive truth should be
embedded in a wider philosophical context and should be underpinned by a winning
philosophical account that motivates the choice of the axiom. The philosophical story
may comprise an account of how the content of the concept of truth is acquired, how
few truths are in ordinary situations established on the basis of truths that have
already been acquired (the revision theory of truth can be motivated such a story),

—_———

TThe modality behind this counterfactual should probably an epistemic one. At any rate we do
not claim that the inconsistency of comprehension is merely contingent. As with respect to a
Philosophical story about the rules for logical connectives, one might argue that some philosophical
- Story is needed (that does not apply to ‘tonk’, for instance). But we would not classify this as a
_ Philosophical story that tells us something about the nature of conjunction.
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how sentences of L7 that once were asserted are later withdrawn, how disagreements
about propositions from L7 are resolved, or what purpose truth may serve. Classical
“substantial”” accounts of truth such as the utility view fall within this scope, but so
does the story of the deflationists about truth as a device of generalisation. In this
way, the axiomatic truth theory must somehow present a picture. It has to somehow
expresses the main tenets of this philosophical account in a succinct and perspicuous
way.

According to one such account, truth and falsehood are grounded in non-semantic
facts: The truth of sentences ultimately supervenes on the truth of T'-free sentences,
This thesis is often seen as supported by Kripke’s (1975) story about how the concept
of truth is learned, and Kripke’s minimal fixed point of the Strong Kleene scheme
is regarded as one toy model of grounded truth. From iterated semantic ascent and
compositionality it follows that many grounded truths of L7 ought to be included in
the extension of the truth predicate. So including many grounded truths can be seen
as a derived desideratum. This desideratum can be directly satisfied by a truth theory,
by proving positive sentences that contain long iterations of the truth predicate T
for instance. But it can also be indirectly met by containing natural interpretations
of initial segments of the Tarskian compositional hierarchy, as described in Halbach
1995. Indeed, even from the point of reflexive truth it must be recognisable that the
Tarskian hierarchy is fundamentally sound. Of course there is a limit to the length
of the initial segment of the Tarski hierarchy that can be recovered by any axiomatic
theory. The requirement that only grounded sentences should be classified as true or
false cannot be regarded as derived from other desiderata. As mentioned earlier, it is
implemented in a theory proposed by Burgess 2009.

Such a concomitant philosophical account or picture should not be confused with
a mathematical model or class of mathematical models. In the axiomatic programme,
models can at best have a heuristic use. Toy models can help us get a grip on an ex-
planatory account. They can help us explore the structure of a philosophical account,
which can then help us to formulate principles of truth. But that is all. In fact, as
emphasised earlier, when we formulate our truth axioms for the strongest theories as
base theory (set theory being an instance), then we will not even be able to establish
the existence of models for the base theory to start from.

Here we do not a stance on the various philosophical accounts. We also do not
exclude truth-theoretic pluralism that would admit incompatible truth theories as
justified and underpinned by different philosophical accounts. For certain purposes
we might be happy with one truth theory that may be better motivated by the actual
use of truth in less theoretical contexts while another story is told about the purpose
of the truth predicate in the philosophy of mathematics, and still another one about
the purpose of the truth predicate in ethics.

The request for a philosophical account in the sense of this section may even be
rejected altogether. One of the authors of this paper indeed denies the need ff)f 4
philosophical account in this deeper sense. In some of the recent investigations 1nt0
formal theories of truth (such as Friedman and Sheard 1987) this norm plays no rolé
whatsoever. On the other hand, some research in the field has been motivated by
desire to build axiomatic theories on the basis of a philosophical account.
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12.4 Discussion

We claim that the desiderata that we have listed are more complete than rival lists that
have hitherto been proposed. The hope is that all desiderata for theories of type-free
truth derive from our list. But it can of course not be excluded that in the future
desiderata for self-referential truth theories are discovered that are independent of
the list that we propose here.

It is clear from our list of five desiderata that simple adding of marks on each
dimension does not give a reliable judgement about the suitability of a theory of
truth. For instance, if one is willing to accept a null score on coherence by giving up
consistency altogether while classical logic is retained, then one can easily obtain
maximal scores on most other dimensions and thus obtain a very high overall score.
Yet most researchers would find such truth theories of little value.

Even though an individual researcher might find a very strong form of a desider-
atum (such as containing the unrestricted Tarski-biconditionals, or being completely
classical) simply false, it seems unlikely that researchers who strongly support one of
the criteria on the list—and there are many supporters for each of these criteria—are
completely mistaken. So it seems not unreasonable to hold that a satisfactory theory
of reflexive truth should do at least fairly well on each of the criteria on the list.

12.4.1 Comparison with Sheard

Sheard (2002) contains a list of maxims for truth theories. They are not intended
specifically as desiderata for axiomatic truth theories. Nonetheless, it is worthwhile
to compare them with our list.

Sheard’s first maxim says that truth is an objective semantic concept. We agree
on this point with Sheard, insofar as we understand it, and think that this point is
captured by our background assumptions.

Sheard’s second maxim says that provability preserves truth. What he means by
this is that the axiomatic theory of truth has to be closed under the necessitation rule.
This of course falls under our disquotation and ascent constraint. So we regard this as
a specific gradation of one of our desiderata. A stronger version of Sheard’s second
maxim would hold that every truth theory S should be closed under the following
rule of inference:

v
TTpT— Ty

In the presence of a deduction theorem, this rule is a consequence of our specific
desiderata of compositionality and identity between internal and external logic.
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Simplicity is Sheard’s third maxim. We know from the literature in philosophy of
science that simplicity is a theoretical virtue for scientific theories in general that is
very difficult to spell out with any degree of precision. Simplicity should certainly not
be equated with proof-theoretic weakness and, in particular, not with conservativity
over the base theory. To some extent it is covered by coherence: the axioms of a
theory should somehow hang together. Nonetheless, also in the case of truth theories
we find it hard to determine fully in which way theories ought to be simple.

Sheard’s fourth maxim is a difficult one: it says that often a “local truth analysis™
is sufficient. The meaning of this is not completely clear to us, but it largely says
that it is not necessarily required of a truth theory that it captures all aspects and uses
of the truth predicate. In other words, this maxim is saying that it should not be a
presupposition that all axiomatic truth theories can and should be compared to the
same standard. It might be that one truth theory captures one use of the concept of
truth very well, and another captures another very well, whilst no decent truth theory
captures both at the same time. In our view, Sheard is onto something important here.
This is why we have been explicit at the outset about what we expect our axiomatic
truth theories to do: to give a decent account of reflexive uses of truth. This is what
many (but not all!) contemporary axiomatic theories of truth are concerned with.
And we do not want to claim that this is the sole cluster of uses of truth that one
might be interested in capturing axiomatically. So Sheard’s fourth maxim is one we
have attempted to deal with in the preamble to our list.

As a fifth maxim, Sheard postulates the infinitary closure of the truth predicate.
This seems a very specific requirement. It is captured by the formula

VxT () — TTVxp(x)7.

Of course this is a specific instance of our more general constraint of compositionality.

As a last and tentative maxim, Sheard contemplates requiring truth to be non-
conservative. But he notes that this “almost always” follows from the previous
maxim. He therefore in any case does not want to list it as a fundamental desider-
atum; we agree that it should be regarded as derived at most. But we take issue
with Sheard’s contention that it follows almost always from the previous maxim on
Sheard’s list (which is in our view also only a derived norm). It follows “almost
always” from compositionality and the unrestricted presence of T in the induction
scheme. But we have emphasized that there may be sound reasons for restricting the
presence of truth in the induction scheme. So we cannot without qualification claim
that non-conservativeness is even a derived norm for truth theories.

In general, our dissatisfaction with Sheard’s list stems from the fact that his
maxims are not fundamental enough.

12.4.2 Comparison with Leitgeb

Leitgeb compiles a list of norms that is significantly longer than ours and then goes .
on to discuss particular axiomatic truth theories as implementations of maximal




12 Norms for Theories of Reflexive Truth 277

consistent subsets of his list of norms. The norms on his list are mostly much closer
to ours than Sheard’s maxims. Let us take them in turn.

Leitgeb’s first norm says that truth should be treated as a predicate, and his third
norm says that truth should be treated as a type-free notion. Both of these belong to
our background assumptions.

We skip Leitgeb’s second norm for the nonce, and move on to number four on his
list. This imperative says that good axiomatic truth theories should derive the unre-
stricted Tarski-biconditionals. This is a very strong form of our disquotation/ascent
desideratum, but not necessarily the strongest one. Unrestricted substitution of ¢ and
T ("¢ ") in formulas of Lr is a stronger version, at least if certain weak underlying
logics are assumed. It is one of the virtues of Field’s theory of truth that it even
satisfies the unrestricted substitutivity requirement of Field 2008.

Leitgeb’s fifth norm is compositionality. As we have seen, this is also one of our
norms.

The sixth norm on Leitgeb’s list requires the existence of standard interpretations.
We have discussed this norm above under our coherence norm.

Leitgeb’s eighth norm requires the outer logic to be classical. This is a strong
form of sustaining ordinary reasoning.

Norm seven on Leitgeb’s list surprises us. It requires internal and external logic
to coincide. It follows from norm four and norm eight. As intimated earlier, we see
norm seven as a not-so-strong version of the disquotation / ascent desideratum. We
suspect that Leitgeb lists norm seven because norm four, from which it can be derived
in the presence of norm eight, is in effect by many researchers rejected on the ground
of being excessively strong.

Let us, to conclude, turn to Leitgeb’s norm two: it says that the truth theory
should prove the truth of the background theory. In a weak form this can be derived
from Leitgeb’s requirement that the inner logic should coincide with the outer logic.
But the uniform statement that all theorems of P A are true is of course a reflection
principle from which nonconservativeness follows. We believe that Sheard is right in
saying that this should not be a fundamental norm. If it is a norm at all, then it should
derive from more fundamental considerations (involving considerations about the
presence of truth in the induction scheme), and it is not so clear whether it follows
without qualification.

In sum, we like Leitgeb’s list better than Sheard’s list. We agree with most of what
is on its list, although we would regard many of his norms as strong instantiations
of more general desiderata. But one desideratum is missing from Leitgeb’s list just
as it is missing from Sheard’s list: we (or better: one of us!) want an axiomatic truth
theory to capture a philosophical picture. And just as with Sheard’s list, we object to
the presence of non-conservativeness as an (almost) fundamental desideratum.
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12.5 Applications

Supposing now that our list is a correct and complete list of fundamental norms for
theories of reflexive truth: How can they then be applied?

It would be unreasonable to expect that by testing axiomatic theories of truth on
our five dimensions, the question about which is (or are) the most satisfactory theory
(theories) of reflexive truth can eventually be settled. One reason is that it is not
completely clear how it can be measured how high a given theory scores on a given
dimension. But a second, and perhaps more fundamental reason, is that different
researchers will attach different weights to a given dimension. It is a familiar fact
of the present situation that some researchers attach much value to ability to sustain
ordinary reasoning, whereas other researchers attach much less weight to it. This is
of course only to be expected, and it is an exact analogue of the situation concerning
theoretical virtues of scientific theories. Some will put much stock on empirical
adequacy, whereas others will be content to sacrifice some empirical accuracy to
fruitfulness. So there are fundamental limitations on the use as a methodological
tool of the norms discussed in this article.

This is not to say that judgements about weights attached to individual dimensions
are not amenable to rational discussion. In fact, as we have remarked earlier, many
researchers may be unwilling to accept that satisfying some particular criterion on
the list to a high degree is desirable at all. Many researchers will take many of the
unrestricted Tarski-biconditionals to be simply false, for instance. The most we can
say is that everyone should agree that a satisfactory axiomatic system of reflexive
truth should satisfy the norms on our list to a “reasonable” degree (except possibly
the meta-requirement of giving a philosophical account).

There is a sense in which the norms discussed in this paper can be taken to
demarcate an arena within which interesting formal theories of truth can be developed
without stifling new research.Recall that Leitgeb has the requirement that inner logic
coincides with external logic on his list but also the unrestricted Tarski-biconditionals
and a demand for classicality in the outer logic. As we have remarked earlier, just
classicality and the unrestricted Tarski-biconditionals would have met the case just as
well. Proceeding in the way that he does, plays a large role in his identification of the .
main existing theories of reflexive truth as instantiations of the maximal consistent .
sublists of his list in a way that exhausts the maximal consistent sublists. His article
is in a sense working towards this result. We do not aim at covering the maximal
consistent degrees of satisfying our list with existing truth theories. We want to leave
open the possibility and indeed hope that novel ways of having a mix of all the five
norms to a reasonable degree will give rise to new interesting axiomatic theories of
reflexive truth.

There is a related sense in which our methodological investigation might be .O:f
use for research ‘on the ground’. Suppose we have an established and influentia
theory of reflexive truth that has a decidedly low score on some of the dimensions
in the list, whilst having a high score on other dimensions on the list. Then we ca!
attempt to modify the theory in such a way that we improve the score on the ‘weak
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dimension(s) whilst avoiding to push the scores on the ‘strong’ dimensions down
significantly. Here is one brief example of how this can play out.

The Kripke-Feferman theory (K F), introduced by Feferman 1991 under the
name Ref(PA), is one of the most popular axiomatic theories of reflexive truth. It
does not score well on the disquotation / ascent dimension (since its inner logic
does not coincide with its outer logic), whereas it does reasonably well on the other
dimensions. The theory P K F proposed and investigated by Halbach and Horsten
2006 is close to K F, in that it is also an axiomatization of Kripke’s truth theory. But
PK F has unrestricted substitution of formulas ¢ by T("¢7) and vice versa: thus
it scores very well on the disquotation / ascent dimension. But of course there is a
price to be payed. PK F is formulated in partial logic. So the question is whether
the reduction of sustaining of ordinary reasoning is worth paying in exchange for
improvement in on the disquotation dimension.

12.6 Conclusion

From the outside, it might look as if the field of axiomatic theories of reflexive truth is
a methodologically strongly constrained enterprise. We hope that the present article
has at least shown that this is far from the case. The methodological principles that are
operative in this field are vague, variably adhered to, and pull in opposite directions.
In this sense the field of axiomatic theories of reflexive truth does not differ from any
other philosophical discipline.
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